We study the quantum correlation of photon pairs from a double Raman particle driven by laser fields in a modified photon density of states such as a cavity or a defect in a photonic crystal. We obtain an exact semianalytical expression for the photon correlation, which is characterized by two complex decay functions associated with the levels splitting (effective Rabi frequencies) that depend on the control laser field. The position and width of the cavity density of state with respect to the anti-Stokes transition determine the features in the two-photon correlation profile.
I. INTRODUCTION
The study of correlated photon pairs in previous works [1] [2] [3] has been motivated by the fact that the classical resolution limit can be surpassed by using a two-photon state. Nonclassical photon correlation has been found in resonance fluorescence for single modes [4] and in the double Raman scheme for two modes [5, 6] , i.e., Stokes and anti-Stokes photons. As shown in recent experiments [7, 8] , strongly correlated Stokes and anti-Stokes photons with controllable delay are useful for developing quantum memory for quantum communications and for the practical implementation of quantum communication networks. The underlying physics is quantum interference of the Autler-Townes (AT) split level. Two interesting features in the double Raman scheme (see Fig. 1 ) are antibunching and oscillations [5, 9] (due to sin 2˜ τ ) governed by the effective Rabi frequency˜ = 2 − (γ /2) 2 with a threshold γ /2. The presence of the threshold can be understood as due to the splitting of level a with finite linewidth γ . If the linewidth and the AT levels are affected by the photon density of states (DOS) or the environment through structural modification of the quantum vacuum, then the threshold would also be altered.
The effects of modified DOS on the spontaneous emission of a two-level system have been explored in photonic crystals [10, 11] . Extensions to a three-level system [12] and quantum interference [13] have been studied. Recent advances in nanotechnology and microfabrications enable the synthesis of novel photonic structures and low-dimensional systems such as nanoparticles or quantum dots [14] that provide artificially engineered DOS and tailored quantum vacuum, which alter the quantum processes and photon emissions. The study of photon correlation with controlled photon DOS is important for developing functional nanomaterials based on quantum optical effects.
In the present paper, we study the effects of modified density of states on the nonclassical features of photon correlation. For simplicity, we consider the Lorentzian profile for the DOS, which is typical for a cavity QED experiment (or a photonic crystal defect) but not a general photonic profile. We find that two decay functions of the Autler-Townes split levels depend on the control laser field and the Lamb shift associated with * bokooi73@yahoo.com its imaginary part of the functions. The results provide clues for the quantum control of nonclassical light using artificially engineered photonic nanostructures.
II. TWO-PHOTON STATE
In the interaction picture, the effective Hamiltonian for the scheme in Fig. 1 consists of a nonresonant spontaneous Raman process (producing Stokes fields) and a resonant spontaneous Raman process (producing anti-Stokes fields), as derived in Appendix A, is given by [5] 
where
/ is the Raman coupling frequency, is the Rabi frequency associated with the classical field (taken to be real) that drives the b → a transition,
−ik·r is the usual electric dipole coupling coefficient of the k mode (including polarization and direction) of vacuum between levels |a and |b , g q = −(d·ε * q ) ca ν q 2ε oh V e −iq·r for the q mode of vacuum coupling between levels |a and |c , and r denotes the center-of-mass position of the particle. The detunings are defined as Stokes photon and one anti-Stokes photon in the relevant field modes. Then the state vector for the atom-field system can be written as
We use the Schrödinger equation formalism, which gives the coupled equations shown in Appendix B, for obtaining the probability amplitudes C 0 , B k , A k , and C kq , and hence the two-photon amplitude ψ(1,2) = 0|Ê(t 2 )Ê(t 1 )| .
III. COMPLEX POLES IN TWO-PHOTON AMPLITUDE
The two-photon correlation G (2) = |ψ(1,2)| 2 can be obtained from the two-photon amplitude [6] ,
, withˆ j as the polarization direction of the detector andε k ,ε q as the polarization directions of the k− and q− photons, respectively. An evaluation of ψ(1,2) requires contour integrations over k and q by solving for the poles,
with the q-dependent Rabi frequencỹ
The poles ν ± q and ν ± k must be solved in a self-consistent manner since γ ± q depends on ν ± q , as will be given by Eq. (13) below. This is the key aspect in this work.
IV. GENERALIZED DECAY FUNCTIONS
It is important to note that the non-Markovian effect enters through the dependency on s in the complex decay function,
In general, we may not perform the Laplace inversion analytically to obtain the transient solution, as in Ref. [6] , since the s dependence in γ q (s) cannot be neglected. However, Eq. (7) can be used to obtain the steady-state solution C kq (t → ∞) in Eq. (3). By converting the summation to integration q → D(q)dq and introducing the density of states D(q) and
the decay function can be written in two forms,
By using g ω = |d·ε qλ | , we arrive at
The first relation has a pole q o defined in s + i[ω(q o ) − ν q ] = 0, and it is determined by the dispersion relation ω(q). The second relation has a pole at ν q − is. In general, we may define a complex refractive index n(ω,q) through the dispersion relation ω = qc/n(ω,q). The solution gives a complex function ω(q). Thus, obviously, ω = qc. For isotropic and dispersionless space, we have derived γ q (s) in Appendix C. Here, we focus on the physical effects of tailored vacuum radiation using the above description for the photon density of states.
V. DECAY FUNCTIONS IN A CAVITY
Let us consider the photonic modes in a microcavity or photonic crystal defect [16] . Instead of the smooth
dω, where γ c = ω c /2Q is the width of the cavity DOS centered at ω c . There are three simple poles at ω = ω c ± iγ c and ν q + is that can be evaluated analytically, giving
At the steady state, where s = 0, we have
where η = 3ε o πhc 3 is the decay rate in vacuum. By replacing ν ± q using Eqs. (4) and (6), we have the closed equation
The estimated resonant value γ
For the purpose of computation, it is useful to rewrite this in the normalized form
. The key problem here is to obtain an exact solution for the complex quantity y ± = x + iy by rewriting it as
We have used˜
as a complex effective Rabi frequency. By separating the real and imaginary parts, we have
where A = Once x and y are solved, we have exact solutions for γ ± q and hence˜ ± q that will be used to compute the two-photon correlation G (2) . The decay rate depends on the spectral width γ c of the cavity and the anti-Stokes frequency ω ac relative to the central frequency ω c of the defect mode. Note that γ q may be complex when the relative frequency is not exactly zero, where the imaginary part corresponds to the cavity Lamb shift. The interesting aspect of the modified decay is the controllability of the decay rate and the level shift despite the simple Lorentzian spectral density. By adjusting the defect peak and the laser field, the correlation peak can be switched between a maxima and a minima.
VI. TWO-PHOTON CORRELATION
Having found γ ± q and the poles ν ± q ,ν ± k , as shown in Refs. [6, 17] , the solution for the two-photon amplitude can be computed from
where F ± q,2 and F ± k,1 are spatially-dependent functions that include the near-field effect, 
where z = x j or y j (with x j = k ± r j = ν Although the cubic denominators are dominant in the near field, the pole dependence cancels out. By considering that the dipole is parallel to the quantization axis, we have K 
∝ e
where τ = τ 2 − τ 1 and τ j = t j − r j /c. All common exponential phase factors e iθ including e −( /2)τ 1 can be factorized out since we want to compute the qualitative behavior of the two-photon correlation G (2) = |ψ(1,2)| 2 . Note that due to the different decay rates γ ± q and hence the effective Rabi frequencies˜ ± q , the correlation function given by Eq. (28) cannot be described in terms of the sine function as previously obtained,
Physically, this means that the lifetime and the AT shift of the two dressed levels can become asymmetric, as illustrated in Fig. 1 .
VII. RESULTS AND DISCUSSIONS
The photon correlations for a particle in a cavity are shown in Figs. 2 and 3 . The situation of a broad Lorentzian profile for the DOS with γ c = 30γ is similar to the case of free space. Figure 2 shows that the G (2) , especially the oscillation period, varies with the driving field in a manner very similar to that in free space and proportional to the analytical expression e −γ τ sin 2˜ τ for laser intensity above the threshold γ th given by
). In Fig. 2 , γ th turns out to be γ . For < γ th (the hyperbolic regime), the central frequency ω c of the DOS spectrum has a significant effect. In the asymmetric case ω c − ω ac = 2γ [ Fig. 2(b) ], the correlation shows finite antibunching but no oscillations, as described by e −γ τ sinh 2 Rτ with R = i . However, quite surprisingly, the correlation vanishes completely below the threshold for the symmetric case ω c = ω ac [ Fig. 2(a) ]. An analysis shows that this is because˜ As the cavity DOS width becomes smaller, Fig. 3 shows that the variation of the correlation with becomes very different from that in free space, especially in the region of small control field . More interesting is the presence of oscillations in the "hyperbolic regime" where < γ th . Here, the G (2) shows rapid oscillations with a period that is almost independent of . This is possible because of the imaginary parts of γ ), as is clearly seen in the cases of large γ th and small γ c = 0.1γ and γ in Figs. 3(a) and 3(b) . This explains why the profile only coincides with that of free space in the stronger field regime when γ c is smaller.
The variations of the decay functions with are also interesting. Figure 3 shows that Reγ change significantly with , particularly around ∼ 3γ -5γ . When the difference ω c − ω ac is sufficiently large, a discontinuous feature appears in the correlation at around γ c /2 ∼ 2.5γ , as shown in Fig. 4 . There are two regions with distinctly different oscillation periods, which cannot be explained by the conventional model of AT splitting. This effect is the result of a feedback mechanism between the cavity QED field and the modified atomic levels mediated by the control field. The discontinuous feature may be useful for rapid switching of photon pair correlation by slightly changing the intensity of the laser field.
VIII. CONCLUSIONS
We have studied the behavior of photon correlation in a modified environment where the density of states do not vary slowly. In particular, we investigated the effect of Lorentzian density of states on the photon correlation. We obtain exact nonlinear equations for the complex decay rates that cannot be solved analytically. A method is developed to transform the equations into coupled nonlinear equations for the real and imaginary parts of the decay rates and exact solutions are then obtained numerically. A surprising feature in the correlation can be explained by looking at how the complex decay rates vary with the driving field. For narrow spectral density, the decay rate changes rapidly with the increasing strength of the driving field, while the cavity Lamb shifts are large for a small field. This transforms the nonoscillating correlation profile at a small driving field to an oscillating profile with negligible damping. For the off-resonance cavity spectrum, the role of atom-cavity feedback on the photon correlation profile is too complex and requires explanation beyond the existing simple model. The interaction Hamiltonian in the interaction picture for the four-level system of Fig. 1 (instead 
where K = 
In isotropic nondispersive free space ω = kc,
where γ q = |℘| 2 ν 3 q 3ε oh πc 3 is the free-space decay rate and ξ q = γ q 2π
dω is the Lamb shift with P as the principal value. To find the poles for ν q , the usual approximation is used, i.e., replacing ν q by ω ac . However, this cannot be done for rapidly varying density of states.
